I. Introduction
The equilibrium equation of state behavior of polymer liquids has received considerable attention. According to equilibrium thermodynamics and statistical mechanics, the thermodynamic state is determined by a limited set of macroscopic variables. For example, the volume of a one component fluid is uniquely determined if temperature and pressure are given. Applying equilibrium statistical mechanics, it is possible to correlate this macroscopic behavior with molecular interactions. The hole theory of Simha and Somcynsky' (SS) is considered one of the most successful equation of state Recently, the 'Holey Huggins" hole theory6 (HH), closely related to the Simha-Somcynsky theory, has been derived by one of the authors. The liquidlike structure is approximated by the introduction of a fraction of empty cells h on the lattice, which at equilibrium is determined by minimization of the Helmholtz free energy. Changes in macroscopic volume reflect the corresponding microscopic changes, i.e. changes in the fraction empty cells and changes in the volume of the cell. In most cases the description obtained with the limited set of (three) molecular parameters is within the experimental accuracy of the data.
The theoretical understanding of the glassy-state behavior in general and of the equation of state of glassy polymers and the glass transition in particular is one of the central problems in condensed matter properties. Several approaches can be distinguished. Following prior work, in one of the theoretical approaches the glass transition is treated from a equilibrium thermodynamics point of view.E The glass transition has also been assumed to be correlated with a phase transition at a temperature below the actual glass transition temperature.'+" Another view is presented in the mode-coupling theory. According to this theory the coupling of density fluctuations reaches a critical value around the glass transition temperature, which causes a breakdown of the ergodicity of the glass.12-14 Finally, as is pursued in this work, the experimentally found glass transition is considered to be only a consequence of a gradual resulting in large molecular relaxation times in comparison with observation times.
In contrast with polymer liquids the same limited set of macroscopic variables does not suffice to fix the thermodynamic state of polymer glasses. From the experimental results of, e.g., McKinney and Goldstein,lB 0024-9297/92/2225-6921$03.00/0 Greiner and Schwarzl,lg and Kogowski and Filisko20 it is clearly established that also the formation history (i.e. the route of preparation) influences the equation of state and the other properties of the polymer glass. As far as the SS hole theory is concerned, as a consequence of the nonequilibrium the evaluation of the order parameter h by minimization is not applicable anymore; h has to be extracted from experimentalpVTdata from the glass and varies in the glassy state with temperature and pressure.2l Furthermore the glass transition temperature cannot be identified as an is0 free volume state.21
Another aspect of the nonequilibrium condition of the polymer glass is the time dependency of physical properties, e.g. volume and enthalpy relaxation. A discussion of the kinetic aspects of these so-called physical aging phenomena is beyond the applicability of the thermodynamic theories discussed so far, and extra information concerning the dynamics of the physical changes must be introduced. A large group of theories approach these kinetics phenomen~logically.~~-~~ Ngai et al.25126 viewed the kinetics of relaxation processes as the result of cooperative rearrangements of small regions. also discussed the dynamics of relaxation separately from the description of the equilibrium state. He assumed a priori that the relaxation behavior is a reflection of the system approaching the underlying equilibrium. From a consideration of the possible rearrangements of (sub)molecular units and possible realizations in the dense disordered glassy state, Robertson arrived at a stochastic theory for the dynamics of, e.g., volume relaxation. It was argued27 that the rate of segmental rearrangements is not only determined by the average free volume but also, and even more importantly so, by the fluctuations in free volume.
In subsequent applications Robertson, Simha, and Curro (RSC)28 identified the free volume and fluctuations in free volume with the order parameter h derived from the SS hole theory and the corresponding fluctuations in h, respectively. In general free volume is a loosely defined concept. The identification of the free volume with the structure parameter h remedies this. Hence, the concepts of free volume and disorder parameter h will be used interchangeably. The authors analyzed the volume relaxation behavior in poly(viny1 acetate) and polystyrene glasses after single temperature and pressure jumps and predicted the memory effects accompanying multiple jumps.s3o Proceedingalongtheselineeadirectevaluation of the influence of the formation history (e.g. cooling rate) is impossible. However, on the basis of the same stochastic theory, we would like to consider the properties of the polymer glass as a result of the formation history, retraceable to the equilibrium polymer liquid.
IIa. Dynamics of Relaxation Phenomena: Stochastic Theory
It is assumed that the relaxation behavior governing the glass transition region can be described by the approach to equilibrium of the conformational degrees of freedom of the polymer backbone. Vibrational and side group rotational degrees of freedom are assumed to be sufficiently fast and thus to respond almost instantaneously to variations in thermodynamic variables.
Consider now a change of temperature and/or pressure in the system from an initial to a final state. The thermodynamic properties change accordingly. It is our aim to monitor the kinetics of the changes. On a microscopic level this change in macroscopic properties is caused by rearrangements in the polymer chains. A discussion of the interrelation between microscopic and macroscopic changes has been given by Robertson in the context of the relaxation behavior in polymer glasses.27 The importance of the segmental rearrangements in the isolated chain and the influence of the surrounding segments in the dense disordered state have been explained. Furthermore the rate of change in the small volume element, containing the rearranging segments, is not only determined by the local segmental mobility but also by the possibility of the environment to assimilate the necessary changes.
However, our main interests are the kinetics of macroscopic properties and it is hoped that less detailed information concerning the microscopic state of the system should suffice to discuss these relaxation phenomena. It was suggested by Robertson27 that the local free volume is an appropriate parameter to describe the local segmental mobility and thus the rate of rearrangements. The system is thought to be subdivided into small volume elements, each with its (local) free volume. The sample is thus characterized by a (time-dependent) free volume distribution. For mathematical convenience it is assumed that this distribution is a set of n discrete levels {wl(t), i = 1,
n):
(1) with the local free volume in level w z given by (i -118 and 8, the width of the free volume level, defined later.
Changes in the occupation of the levels occur by transitions between the different levels and can be regarded as a stochastic process known as a Markov chain, which has the important property of the Chapman-Kolmogorov condition; the transition probability P,, that the system changes from state i to state The time derivative of this equation with respect tos yields aset of coupled differential equations which can be written in matrix form d -P(t) = P(t)*A dt
with P(t) the transition probability and A the generator matrix, respectively, with the elements Aij = lim s -0 d(Pij(s))/ds. The formal solution of eq 3 is given by P(t) = P(0)eAt (4) where P(0) is the initial transition probability matrix, in all applications set equal to the identity matrix I. In an infinitesimal time interval (s -01, only transitions between adjacent levels can occur. Then the transition probabilities can be written in terms of transition rates
where Xi,i-l and Xc,i+l are the downward and upward transition rates from state i to state (i -1) and state (i + 11, respectively, and 0 is a quantity that approaches zero faster than s. Equation 4 can be solved by an eigenvalue analysis described in many textbook^.^^ Once the transition probability is known, the calculation of the occupation levels is straightforward:
defines the time evolution of the occupation of the free volume levels. It can be shown that at sufficiently long times the Markov chain evolves to a stationary distribution (&, i = 1, n}. For this stationary distribution, the up and downward transition rates are related by the balance equations
(7)
This stationary distribution can be identified with the equilibrium condition for the system since it has been assumed a priori that the relaxation behavior of the system is due to the approach to the equilibrium state. It is important to note that according to this theory the system will definitely reach the equilibrium state if the systam is left for a sufficiently long time. Information about this equilibrium state can be derived from equilibrium thermodynamics and statistical mechanics.
The stochastic theory was applied by Robertson, Simha, and Curro to study the volume relaxation behavior of polymers subjected to single and combined temperature and pressure jumps in the glass transition The authors identified the free volume parameter, appearing in the stochastic model, with the order parameter h defined in the SS theory. It is again emphasized that by this assumption the free volume has been defined consistently.
In this contribution we will use the HH theory to extract information concerning the order parameter h in the equilibrium state of the polymer system. In the following paragraph a short recapitulation of the relevant HH equations is given.
IIb. Holey Huggins Equation of State Theory:
Free Volume (Distribution)
According to the HH theory6 the correlation between volume V, pressure p, and temperature T for a component consisting of N molecules is modeled on a lattice with lattice cells of variable volume either singly occupied or vacant. A fraction h of the lattice cells is assumed to be free. The main structure parameter in this theory is the external contact fraction q, related to the occupied site Xi,i+lti = Xc+l,l€l+l 1 5 i 5 (n -1) Stochastic Theory for the Glassy State. 1 6923 and variance given by ( h ) , and respectively. For numerical convenience the continuous distribution is approximated by n discrete levels. It is trivial that the distribution should be zero for h < 0 and h > 1. Keeping in mind that the normal distribution is practically zero for deviations larger than 4 times the variance, theee boundary conditions will not cause any problems in the discrete representation if the continuom distribution is discretized in n levels with the width of a free volume level 8: fraction y q = (1a)y/(l-ay) (8) witha = (2Iz)(l-l/s),y = (1-h),z thelatticecoordination number, and s the number of lattice sites occupied by a molecule of molar mass M. The SS and HH theories are identical for monomers s = 1 and in the limit of infinite coordination number z. Furthermore at sufficiently low temperatures both theories become practically identical.
However differences between SS and HH are important, as can be observed from, e.g., miscibility behavior.61' According to the HH theory the pressure is given by
At equilibrium it is assumed that the Helmholtz free energy is minimized with respect to the structure parameter q or Y:
(dA/aY)N,T,V = 0 (10) In reduced form the equation of state and minimization condition deduced from eqs 9 and 10 obey a practical principle of corresponding states and are defined by At a given pressure p and temperature T the corresponding equilibrium values of the macroscopic volume V and the corresponding fraction of vacant lattice cells (h), can be calculated. According to fluctuation theorg2 the fluctuation in h, i.e. ah,, due to the thermal energy, can be computed from
According to the HH theory, eq 13 reads, considering a volume containing Ns segments r For sufficiently small fluctuations it can be shown that the fluctuations have a Gaussian distribution with mean (15) According to this scheme the following free volume distribution is obtained
IIc. Transition Rates: Kinetics
In order to use the stochastic theory the upward and downward transition rates Xi,i+l and Xi+li, 1 S i I (nl), respectively, must be defined. It was argued2' that the rate of change in a small-volume element is not only determined by the local segmental mobility but also by the possibility for the neighboring volume elements to assimilate these changes. Although, at equilibrium, correlations in the free volume content between neighboring volume elements are absent, this is not true away from equilibrium. However, it is assumed that the correlations remain small and that the free volume of the neighbors can be set equal to the average free volume (h) of the system. Hence the transition rates in a central element out of state i depend on the regional free volume hi where zn is the number of regions necessary to liberate or absorb the free volume changes in the central region.
Finally, the functional dependence of the local transition rates on regional free volume hi is assumed to be identical with the dependence of the global mobility p on the equilibrium overall free volume (h)* The global mobility of a system with free volume h can be expressed, e.g., by a Williams-Landel-Ferry (WLF) type of equation. On a local level this reads
For the local transition rates the following expressions are used where R (8-l) contains a characteristic rate and a com-6924 Vleeshouwers and Nies pensation for differences in global and local mobilities and the occurrence of ti's assures detailed balancing (eq 7). The factor B2 arises from the random walk representation.
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Stochastic Simulation
We are now in a position to study the dynamics of free volume relaxation. The following procedure is followed.
IIIa. Simulation Procedure
1. At a given T and p , well in the equilibrium liquid state, the corresponding V , (h)eq, and ((&J2) are computed (eqs 11,12, and 14).
2. These thermodynamic data are used to specify the complete Gaussian distribution ( t i , i = 1, n) (eqs 15 and 16). (wi(t) , i = 1, n) is set equal to the equilibrium distribution.
The actual distribution
After preparation of the initial distribution, the actual simulation of, e.g., a cooling, a pressurizing, or a combined experiment is started. The numerical simulation procedure will be illustrated for a cooling experiment. A polymer melt which is initially, at time t, at temperature T and pressure p , is cooled at a rate T' (K/s). At a certain temperature the glass transition temperature will be reached, and upon further cooling, a polymer glass is formed.
The numerical simulation of this real time experiment proceeds along the following scheme. The specified cooling rate assures the existence of a one to one correspondence between time and temperature. Accordingto the following procedure the stochastic process is performed.
1. Calculate the equilibrium properties (V, ( 2. Calculate the equilibrium distribution (ti, i = 1, n) at t + At.
3. Compute the transition rates using the equilibrium distribution and the actual distribution (wi(t), i = 1, n) at time t. 4. Determine the transition probabilities P(t) (eq 4).
5.
Update the actual distribution (wdt + At), i = 1, n) 6. Increment the time with At, and repeat steps 1-6. The time step At is chosen sufficiently small to assure that the equilibrium free volume changes only approximately 5 X Typically, this corresponds to a temperature change of 1 K or a pressure change of 2 MPa. The matrix A (eq 4) will not change significantly during At, and the process between t and t + At can be treated as a Markov chain. A similar experiment can be done by, e.g., specifying a pressurizing rate p' or by a simultaneous change in T and p. Furthermore T' and p' can be changed at will during the simulation. For example, at a given T and p in the glassy state one can set T' = 0 and p' = 0 and from that time on monitor the physical aging. It is thus possible to simulate the complete formation history of a polymer glass and study the influence of these parameters on the resulting thermal properties.
IIIb. General Results Obtained in a Simulation

Run
During the simulation and actual distribution w(t) and the calculated average free volume (h(t)),, can differ from the equilibrium values. To depict the simulation results the actual average free volume value can be shown (see, e.g., Figure 5 ). At sufficiently high temperatures the actual and equilibrium values (and of course also the complete distributions) coincide; thus the system is equilibrated. At a certain temperature the actual distribution w(t) and also the actual average free volume (h(t)), commence to deviate from the equilibrium condition. Upon further cooling, the difference between actual and equilibrium states increases. As depicted in, e.g., Figure 4 a transition temperature T,, can be obtained as the intercept of the extrapolated "glassy" part of the curve with the equilibrium line.
Furthermore the p,h,T space obtained from a specific simulation experiment can be used to compute the thermodynamic properties. As an illustration, consider the computation of the volume V . In the equilibrium state (temperatures higher than the transition temperature Tg) the equation of state is given by eq 11. For temperatures and pressures in the nonequilibrium part of the diagram, eq 11 is in principle not valid. In this case the equation of state must be obtained from the full pressure equation (eq 9). In earlier work Simha and co-workers21 have compared the calculation of the volume V according to the full pressure equation (eq 9) with the calculation based on only eq 11. It was shown that for the pVT behavior the differences between the two approaches are small. In the present contribution it has been confirmed that the differences in volume AV obtained from the full equation (eq 9) or the minimized equation of state (eq 11) are only minor (AV < cm3/g). Consequently, the results reported here are obtained from eq 11.
IV. Results and Discussion
The stochastic theory will be applied to the thermal behavior of poly(viny1 acetate) (PVAC), because for this polymer experimental volume relaxation data are available.
IVa. Determination of the Different Parameters
The thermodynamic scaling parametersp*, V*, and P, estimated from experimental p VT data in the liquid state determined by McKinney and Goldstein,'8 are summarized in Table I . The details concerning the estimation procedure and the multiparameter estimation program used to obtain the parameters are described elsewhere. 34 The description of the liquid pVT data is within the accuracy of the experimental data, which is AV = f5 X cm3/g. With the scalingparameters, ( h ) , and also the fluctuations Figure 1 by the full line.
The only parameter that must be obtained from dynamic information is the constant R in eqs 19. It will become clear that this parameter can be estimated from different kinds of experiments. In this first application we use the relaxation in a jump experiment ( K o~a c s~~) to obtain a value for R, as is also done by RSC.% A change in the value of R shifts the relaxation pattern horizontally, i.e. along the time axis, without changing the shape of the relaxation curve. The best description of these experimenta (shown in Figure 2 ) yields the value for the constant R given in Table I . It should be noted that the numerical value of R has no real physical significance but is merely Table I , is now fixed, and
we are ready to explore other dynamic simulations.
IVb. Simulation Results
In Figure 2 the computed volume relaxation behavior brought about by single temperature jumps is compared to experimental results. The observed agreement is typical for the present implementation of the stochastic theory as observed earlier by RSCZ8 Subsequently, they showed that the agreement can be improved by adopting a temperature-dependent R and more refined functions correlating the macroscopic mobility and free v 0 1 u m e .~~*~~ For the present purpose we will accept the observed deviations, bearing in mind how they can be resolved, and proceed with other simulation resulta.
In Figure 3 and Table I1 the simulated glass transition temperatures at ambient pressure are presented as a function of cooling rate. In the simulations the glass transition temperature is identified with the intercept of extrapolated glass and the liquidlike volume traces. The simulated cooling rate dependence of Tg is not linear. In Table I1 the average value is listed. An important observation is that the best R value derived from the jump experiment gives an accurate prediction of the glass transition temperature Tg at atmospheric pressure. This Temperature (K) Figure 3 . Calculated volume versus temperature for indicated cooling rates for PVAC.
suggests that also the volumetric glass transition temperature, which is more commonly available than volume relaxation experiments, can be used to estimate the parameter R, which enables prediction of the volume relaxation behavior for a given polymer under different conditions.
The influence of pressure on the formation of the glassy state is shown in Figure 4 . The simulated formation conditions are choosen to mimic the experimentalla formation history (p and cooling 2") (see Table 11 ). The dependence of volume on temperature under isobaric cooling is depicted. The agreement for the 0.1-MPa curve is excellent: maximum deviations between experimental and theoretical specific volumes AV do not exceed 2 X cm3/g. At higher pressures the predicted specific volumes are systematically too large but the maximum deviation AV remains less than 8 X cm3/g at p = 80 MPa. Values for the thermal expansion coefficient ag and the glass transition temperature Tg extracted from the simulation results are summarized and compared with experimental data in Table 11 . The increasing deviations with pressure between theory and experiment in the glassy state can be attributed to too small a predicted value of the pressure dependence of the glass transition temperature (dT,/dp) (see Table 11 ).
In Figure 5 the h,T,p results corresponding to the V,T,p data from Figure 4 are shown. From this it can be concluded that the change in specific volume in the glassy state is mainly due to changes in lattice cell volume and not so much by changes in free volume. This is in contrast with results obtained by Simha following a different approach. Simha21 extracted the free volume parameter h from the experimental pVT data, thus obtaining a parameter h that depends on temperature and pressure. Now it is found that the equilibrium free volume at the glass transition temperature, h,, is practically constant.
Thus the glass transition can be regarded as a practical is0 free volume transition. Because the value of h, depends on cooling rate it is certainly not a material constant. The is0 free volume condition seems to be related to the assumption that the mobility depends on the free volume only, eq 18. However, the predicted pressure-independent value for h, is not in agreement with experimental data. The experimental pressure dependence of T,l* yields a lineair pressure dependence for h, h, = 0.084 -8.57 X 10-5p
(20)
The simulated pVT behavior of a polymer glass formed by cooling at 0.1 MPa and by subsequently pressurizing is shown in Figure 6 together with experimental data.18 Once more the experimental formation history was reproduced accurately (see Table 11 ). In this case the maximum deviation between experimental and theoretical volume AV is smaller than 3 X cm3/g. For a polymer glass formed by cooling a high pressure polymer melt @ = 80 MPa) and by subsequently depressurizing, the resulta are depicted in Figure 7 , together with experimental data.18 In this case the deviations AV are larger (AV <8 X cm3/g) and can be mainly attributed to the overestimated pressure dependence of the glass transition temperature, as explained earlier. Finally, the estimated isothermal compressibilities & of polymer glasses formed at high and low pressure are compared with experimental data in Table  11 . Figure 1 shows the experimental dynamic mechanical shift factors, used to obtain a relation between free volume and mobility. Equilibrium shift factors at small free volume content, corresponding to temperatures below T,, Stochastic Theory for the Glassy State. 1 6927 parameters and R = 1o-S s-l a best fit of the volume relaxation following a temperature jump is obtained. The faster decrease of mobility at low free volumes inferred from Plazek's curve results in volumes up to 2 x iO-%ma/g larger and a glass transition temperature Tg 2 K higher. Furthermore, the thermal expansion coefficient crg at 0.1 MPa and 273 K is 10 % smaller compared with the value obtained from the simulation shown in Figure 6 (see Table  11 ).
V. Conclusions
From equilibrium pVT data, equilibrium dynamic mechanical shift factors, and only one nonequilibrium volume relaxation experiment, it is possible to predict the equation of state behavior of glasses, the glass transition temperature and its dependence on formation history (important conditions are cooling rate, pressure, pressurizing rate, temperature, and annealing time). Simulations at ambient pressure show excellent agreement with experimental data (Table 11 ).
Discrepancies between theory and experiment at high pressures are almost entirely related to the dependence of Tg on the glass formation pressure. The we of shift factor data, obtained at ambient pressure, to obtain a relation between mobility and free volume, is probably limited to low pressures. Discrepancies at high pressures, as shown in this contribution, suggest that mobility at high pressure is not only described by the order parameter h, which is here used as a measure for free volume. In future work we will incorporate pressure-dependent shift factors to obtain a new relation to describe mobility.
The choice of the relation between free volume and mobility and in particular the extrapolation of this relation to low free volume influences simulation results (see Figure  1 and Table 11 ). Fortunately, this uncertainty only causes minor differences. Comparison of simulated shift factors with experimental nonequilibrium shift factors can further clarify this relation. This comparison will be presented in a future contribution.
The only nonequilibrium data used for the predictions are volume data of a single relaxation experiment, to estimate a value for R (eqs 19) . Decreasing the value of R by 1 order of magnitude induces an increase of Tg by 3 K and an increase in the volume of the glass formed at an atmospheric pressure of ca. le3 cm3/g. In therelaxation curves in up and down step experiments, as shown in Figure   2 , the same change in R brings about a 1 decade shift to longer times. As is shown in this contribution the parameter R can also be estimated from different experiments, e.g. the location of the ambient glass transition temperature.
In the near future we will apply the presented scheme to the simulation of other polymers, such a~ polystyrene and polycarbonate, to investigate the influence of pressure on mobility, and to the simulation of other experiments, e.g. dynamic bulk compressibility and enthalpy relaxation. are obtained by extrapolation. From the free volume data shown in Figure 5 , the shift factors a in a glass formed at atmospheric pressure can be estimated, using eq 18, with a = 1/p(h). Results of this calculated shift factor are shown in Figure 8 . As expected, the shift factors in the glass do not follow the WLF behavior, but level off at low temperatures. So far the WLF equation depicted by the full curve in Figure 1 was used. The precise extrapolation to low h values seems somewhat arbitrary and depends on (the constants of) the adapted function (WLF in our case). To examine the effect of the relation between free volume and mobility, the same simulations were performed using the dottad line in Figure 1 . This line, also used by RSC,30s3' corresponds to the WLF parameters summarized in Table  I , which are derived from Plazek's data,% obtained at temperatures T, 308 K 5 T I 333 K. With these
